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Abstract Humans can walk efficiently in a certain

speed range, while state-of-the-art biped robots can

hardly walk as fast as humans. In this paper, we

investigate how to walk faster for two simple 2D

walking models (Zaytsev in IEEE Trans Robot

34:336–352, 2018), including an inverted pendulum

(IP) model and a linear inverted pendulum (LIP)

model. Firstly, open-loop analysis is conducted based

on the two models. The concept of ‘‘acceleration

factor’’ is proposed, which is a key parameter that

affects the mid-stance velocity transition between

steps. We find that the acceleration factor has a fixed

correlation with the velocity transition trend, which is

independent of the step length. The step length only

affects the feasible range of the acceleration factor,

which suggests that we can decouple the control of

walking speed from step length. Based on this, we

design walking controllers for both models, where the

walking velocity and step length are controlled

separately. With the proposed controller, closed-loop

simulations are performed in the V-REP software,

which achieves a mid-stance velocity of 2 and 6 m/s

for IP walking and LIP walking, respectively. Besides,

walking with varied step lengths along with speed

regulation is also demonstrated. This work might be

helpful to improve the walking speed of biped robots

in the future.

Keywords Walking control � Bipedal walking �
Bipedal robots � Legged locomotion

1 Introduction

Humans can walk very efficiently with two legs. At

most time, human walking can be expressed as an

inverted pendulum (IP), where the supporting leg is

kept relatively straight and the body moves along an

arc. Behind that, it has been proved that this IP walking

gait is more energy-efficient compared to other gaits

[2]. To imitate human walking, passive walking

machines were created [3], which can walk down a

gentle slope by gravity in a very humanlike way. Later,

researchers added actuators to the machine which
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enables it to walk on level ground [4–6]. They are

usually called as limit-cycle walkers, which are

energy-efficient and only requires minimum control

during walking.

Although IP walking is energy-efficient, it has an

inherent limitation on the walking speed. Due to the

circular motion of the body, the centrifugal force will

pull the supporting leg to leave the ground when

walking too fast. It can be calculated that the top speed

of IP walking is about 3.16 m/s for a center of mass

(CoM) height of 1 m [7]. Therefore, IP walking cannot

be used anymore if we want to walk faster, for

example, in race walking which aims at walking as fast

as possible. Actually, the race-walking athletes walk

in a quite unusual way with distinct hip twisting.

Human studies [8] found that several mechanisms

were used by the race walkers to minimize the vertical

excursion of the CoM during race walking, which

results in a much more flat CoM vertical trajectory

compared to normal walking as can be seen from

Fig. 1. In this way, the race walker can walk with an

average speed of 3.3 m/s and a peak speed up to 4.6 m/

s [9]. Actually, it can be computed that the top walking

speed is
ffiffiffiffiffiffi

gR
p

, where g is the acceleration of gravity

and R is the curvature radius of the CoM trajectory.

Obviously, the top walking speed increases as R

increases.

As an extreme case, when R ! 1, the CoM will

move along a horizontal line, which results in level

walking. This can be seen when people walk gingerly

to prevent sloshing when holding a cup of water. In

this case we bend our leg to keep a constant body

height. This walking gait can be modelled as a linear

inverted pendulum (LIP), which has been intensively

studied in ZMP-based walking [10]. Although we

rarely use LIP walking since it is more tiring, it is

widely used in humanoid robots such as Asimo and

HRP-4C [10].

Technically speaking, LIP walking has no speed

limitation provided we can swing our leg fast enough.

However, as far as we know, the state-of-the-art biped

robots can hardly walk as fast as human. For example,

ASIMO’s walking speed is set at 0.44 m/s, and a

special experimental version has achieved 0.89 m/s

[11]. COMAN [12] can walk at 0.9 m/s and MABEL

[13] achieves 1.5 m/s walking. The recent work on

ATRIAS has demonstrated high-speed walking of

2.2 m/s before it switches to running [14]. A more

accurate comparison using dimensionless velocity can

be found from Table 3 in [13], which also indicates a

velocity gap that biped robots lag behind human. On

one hand, this gap may come from the limited motor

capability. This can be potentially solved by using

high-torque density motors, such as brushless DC

motors, which have been recently applied to quad-

ruped robots and achieved a super-fast running speed

[15]. On the other hand, walking faster is more

difficult to control. In IP walking, the velocity is

usually controlled by pushing off and modifying the

step length [4–6].While in LIP walking, the velocity is

usually controlled by modifying the touch down

timing [10]. However, there are some drawbacks in

the existing methods. For example, the walking

velocity and step length control are usually coupled.

In order to explore how to walk faster, we have

taken human walking experiments. The results show

that IP walking can hardly exceed 3 m/s, while LIP

walking can easily achieve higher speed, for example,

4 m/s. To explain it, we do theoretical analysis for

both IP and LIP walking using the concept of

‘‘acceleration factor’’ and some important features

are discovered. Next, we design controllers for both IP

and LIP walking using a separation principle, where

the walking velocity is controlled through the accel-

eration factor and the step length can be adjusted

freely to meet additional foot placement requirements.

Finally, the effectiveness of the proposed method is

demonstrated through simulations on a simple biped

robot in V-REP [16].

The contributions of this paper are threefold. First,

the question of ‘‘how to walk faster’’ is fully elabo-

rated from both theoretical analysis and physical

simulations by comparing IP and LIP walking. All

results demonstrate that LIP walking can be faster than

IP walking. This paper can help us better understand

the strategy people take in race walking and improve

the walking speed of biped robots in the future.
Fig. 1 Mean vertical CoM trajectory for race walking and

normal walking. Data are reproduced from [8]
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Second, the concept of acceleration factor is proposed,

which gives a unified framework to study both IP and

LIP walking. Third, we propose a new walking control

method based on acceleration factor and demonstrate

that walking speed and step length can be controlled

separately with this method. This is particularly useful

when doing fast walking on terrains with random gaps.

The remainder of this paper is organized as follows.

Theoretical analysis of IP and LIP walking are

conducted in Sects. 2 and 3, respectively. Walking

controller is designed in Sect. 4 and the simulation

results are given in Sect. 5. Finally, limitations and

future work are presented in Sect. 6 and conclusions

are given in Sect. 7.

2 Walking analysis

2.1 The IP walking model

The IP walking model is depicted in Fig. 2. The model

has a point mass on the hip (the CoM) and two

massless legs with point feet. The leg is telescopic to

make ground clearance. During walking, the stance

leg keeps a constant length and the CoM moves along

an arc, while the swing leg is shortened to avoid scuff

on the ground.When the swing leg touches the ground,

it becomes the new stance leg and the previous stance

leg starts to swing. The double stance phase is

instantaneous.

The walking model is a hybrid system which

consists of a continuous phase and a switch phase.

During the continuous phase, the stance leg acts as an

inverted pendulum which is governed by the equation

as follows

€h ¼ g sin h=L ð1Þ

where h is the stance leg angle and L is the length of the
leg.

During the switch phase, two impulsive forces from

the ground are exerted to the robot along the two legs.

One is the heel strike H~ acts on the leading leg and the

other is the push off P~ applied to the trailing leg (push

off is assumed to happen just before heel strike). The

impulse forces result in a sudden change on the CoM

velocity, which is governed by [7]

_hþ ¼ _h� cosð2h�Þ þ P sinð2h�Þ=ðmLÞ ð2Þ

where P is the amplitude of the push off P~ and m is the

mass, h�; hþ are the stance leg angles just before and

after switch, respectively. After switch, the former

stance leg becomes the new stance leg, so we have

hþ ¼ � h�.
Comment 1: Equation (2) can also be expressed by H

since the magnitude of the impulse P
!
; H
!

are coupled

as can be seen from Fig. 2 (mVþ�!
� mV��! ¼ P

!þ H
!
,

P
!?V��!

, H
!?Vþ�!

).

For this model, the stance leg compression should

always be nonnegative to maintain foot contact with

the ground, which poses the following constraint.

IP walking constraint: stance leg nonnegative

compression

mg cos h� mL _h2 � 0 ð3Þ

Fig. 2 The inverted pendulum (IP) walking model. (d is step

length) Fig. 3 The phase portrait of IP walking
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It can be simplified as

_h�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

g cos h=L
p

ð4Þ

With (1) and (4), we plot the phase portrait of IP

walking in Fig. 3 (L set to 1 m and g uses 10 m/s2).

It can be observed that the phase portrait is

constrained in an oval area, with the highest mid-

stance velocity of about 3.16 m/s, which is an inherent

limitation on the walking speed of IP walking.

2.2 The acceleration factor for IP walking

From the phase portrait in Fig. 3, it can be seen that the

walking velocity during a step follows a pre-deter-

mined curve which cannot be modified once the initial

velocity is given. Therefore, we can use the mid-stance

velocity (when h ¼ 0) to represent the walking

velocity in a step. To regulate the walking speed, we

need to control the mid-stance velocity transition

between steps. For IP walking, the velocity transition

is influenced by the push off as can be seen from (2).

Theoretically speaking, the amount of needed push off

can be calculated from (2) for a desired velocity in the

next step. However, the calculated push off is an

impulse, which is impossible to perform in practice.

Therefore, we need to consider another feasible

method to control the velocity transition between

steps. To this end, we propose the concept of

acceleration factor.

An acceleration factor should have the following

features: (1) An acceleration factor is a state variable

that can be conveniently controlled during walking;

(2) An acceleration factor has a direct correlation with

the velocity transition between steps. Feature 1

requires that an acceleration factor can be measured

and can be controlled by the available input. Feature 2

indicates that we know how the mid-stance velocity

changes in the next step for a given value of the

acceleration factor.

To find an appropriate acceleration factor, three

cases of velocity transition are depicted in Fig. 4,

which corresponds to deceleration, equal-velocity, and

acceleration, respectively.

In Fig. 4, Vt is the CoM velocity just after push off.

By examining the three cases, we find a key parameter

which affects the velocity transition, that is, the angle

of Vt, which is denoted by a in Fig. 4. Formally, we

define the acceleration factor for IP walking as

aip ¼ tan a ¼ Vz
t =V

x
t ð5Þ

where Vz
t ;V

x
t are the vertical and horizontal compo-

nent of Vt, respectively.

This definition satisfies the two aforementioned

requirements. First, aip is the ratio of the vertical

component and the horizontal component of the CoM

velocity, which can be measured through the joint

encoders and can also be controlled through the joint

actuators. Second, the correlation of aip with the

velocity transition is clear. That is, aip\0 indicates

deceleration, aip ¼ 0 indicates maintaining the same

velocity, and aip [ 0 indicates acceleration.

Since the ground forces P~ and H~ always point

upwards, a is limited by �ht � a� ht. Therefore, the
acceleration factor is constrained by

� tan ht � aip � tan ht ð6Þ

where ht [ 0 is the leg angle at transition, which is

related to the step length by

Fig. 4 Velocity transition in IP walking. a a\ 0 results in

deceleration; b a = 0 maintains the same velocity; c a[ 0

results in acceleration Fig. 5 The feasible range of aip for different step lengths
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ht ¼ asin[d=ð2LÞ� ð7Þ

Substituting (7) into (6), the relationship between

the acceleration factor and the step length is

�d=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4L2 � d2
p

� aip � d=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4L2 � d2
p

ð8Þ

Using (8), the feasible range of aip with respect to

different step lengths is drawn in Fig. 5. It can be

observed that the feasible range of aip increases with

the step length, which forms a trumpet shape. The

upper bound and lower bound are symmetric about the

equal-velocity line.

For a given value of aip, the relationship of the mid-

stance velocity between two successive steps can be

calculated. Denote the mid-stance velocity of two

successive steps as Vk and Vkþ1, respectively. During a

step, the kinetic energy is conserved, so we have

V2
k þ 2gL ¼ ðV�Þ2 þ 2gL cos ht ð9Þ

V2
kþ1 þ 2gL ¼ ðVþÞ2 þ 2gL cos ht ð10Þ

where V�;Vþ are the CoM velocity just before and

after switch, respectively.

From (9), (10) we can solve that

V� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

V2
k þ 2gLð1� cos htÞ

q

ð11Þ

Vkþ1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðVþÞ2 � 2gLð1� cos htÞ
q

ð12Þ

Moreover, from Fig. 4, we have

Vt ¼ V�= cos ht þ að Þ ð13Þ

Vþ ¼ Vt cos ht � að Þ ¼ V� cos ht � að Þ= cos ht þ að Þ
ð14Þ

Substituting (14) and (11) into (12) yields

Vkþ1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

V2
k þ 2gLð1� cos htÞ

� � cos2 ht � að Þ
cos2 ht þ að Þ � 2gLð1� cos htÞ

s

ð15Þ

Equation (15) describes the mid-stance velocity

transition between two successive steps. With (15), the

mid-stance velocity transition curve for IP walking is

plotted in Fig. 6. The black line represents the equal-

velocity line, which corresponds to aip ¼ 0. Above the

black line is the acceleration zone, while under it is the

deceleration zone.

From Fig. 6 we can get some useful information: (1)

The acceleration factor aip has an invariable relation-

ship with the velocity transition trend which is

independent of the step length. Indeed,aip ¼ 0,

aip\0, and aip [ 0 always indicate equal-velocity,

deceleration, and acceleration, respectively, no matter

what the step length is; (2) The step length has an

influence on the velocity transition range, that is, a

bigger step leads to a wider velocity range for the next

step; (3) The velocity transition curves for aip ¼ � a

(and for the same d) are symmetric (strictly symmetric

which can be proved theoretically from (15)) about the

equal-velocity line.

Fig. 6 Velocity transition curve for IP walking

m

h

dx

Fig. 7 The linear inverted pendulum (LIP) walking model
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3 Lip walking analysis

3.1 The LIP walking model

The LIP walking model is depicted in Fig. 7. This

model also has a point mass on the hip and two

massless legs with point feet. The difference with IP

walking is that the stance leg changes its length during

LIP walking to maintain a constant CoM height

(h ¼ 1m is used in this paper). And the leg transition

happens in a smooth way where the CoM velocity

maintains the same, in contrast to the abrupt velocity

change in IP walking. The double stance phase is also

assumed to be instantaneous.

During the continuous phase, the system follows

the dynamics of a linear inverted pendulum, which is

€x ¼ gx=h ð16Þ

where x is the horizontal position of the hip relative to

the stance foot.

In leg transition, the former swing leg becomes the

new stance leg, so we have

xþ ¼ x� � d; _xþ ¼ _x� ð17Þ

where d is the step length.

In LIP walking, the leg length has a maximum

value, which puts the following constraint on x.

LIP walking constraint: leg length constraint

x2 þ h2 � l2max ð18Þ

where lmax [ 0 is the maximum leg length.

With (16) and (18), the phase portrait of LIP

walking is presented in Fig. 8.

In Fig. 8, the left and right boundaries are caused by

the leg length constraint (lmax ¼ 1:2 is used). The

upper and lower boundaries are determined by the leg

swing speed. If the leg can swing as fast as we want,

then there is no limitation on the walking speed.

3.2 The acceleration factor for LIP walking

Unlike IP walking, the CoM velocity keeps unchanged

during leg transition in LIP walking. However, the

mid-stance velocity changes if the swing leg and

stance leg are asymmetric during leg transition, which

is very similar to that observed in running [17].

Figure 9 shows three cases of velocity transition for

LIP walking, where dst is the distance from the stance

foot to the CoM and dsw is the distance from the swing

foot to the CoM. As can be seen from the top part, the

CoM velocity increases before leg transition and

decreases after leg transition. If dsw\dst, it accelerates

more so that the mid-stance velocity will increase; if

dsw ¼ dst, the velocity curve is symmetric and the mid-

stance velocity remain unchanged; if dsw [ dst, it

decelerates more so that the mid-stance velocity will

decrease.

Formally, we define the acceleration factor for LIP

walking as

alip ¼ dsw=dst ð19Þ

This definition also satisfies the two aforemen-

tioned requirements. First, alip can be measured

through joint encoders and can be controlled through

the hip actuator of the swing leg. Second, the

correlation of alip with velocity transition is clear.

That is, alip [ 1 indicates deceleration, alip ¼ 1 indi-

cates maintaining the same velocity, and alip\1

indicates acceleration.

Fig. 8 The phase portrait of LIP walking

Fig. 9 Velocity transition in LIP walking. xb represents the

absolute horizontal position of the body
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We assume that the CoM always locates between

the stance foot and swing foot during leg transition.

Therefore, the boundary of alip is

0� alip � þ1; if d� dm

d � dm
dm

� alip �
dm

d � dm
; if d[ dm

8

<

:

ð20Þ

where dm ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

l2max � 1
p

is the upper limit for dst and

dsw.

With (20), the feasible range of alip with respect to

different step lengths is drawn in Fig. 10. It can be

observed that the feasible range of alip decreases with

the step length when d[ dm.

Similar to the IP case, the relationship of the mid-

stance velocity between two successive steps can be

derived. During a step, the ‘‘orbital energy’’ [10] E ¼
_x2=2� gx2=2h is conserved, so we have

hV2
k ¼ hV2

t � gd2st

hV2
kþ1 ¼ hV2

t � gd2sw
ð21Þ

From above we can solve that

Vkþ1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

V2
k þ gðd2st � d2swÞ=h

q

ð22Þ

Moreover, since d ¼ dst þ dsw and dsw ¼ alipdst, it

can be solved that

dsw ¼ dalip=ðalip þ 1Þ
dst ¼ d=ðalip þ 1Þ

ð23Þ

Substituting (23) into (22) results in

Vkþ1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

V2
k þ gd2ð1� a2lipÞ=hðalip þ 1Þ2

q

ð24Þ

Using (24), the mid-stance velocity transition curve

between two steps is plotted in Fig. 11.

From Fig. 11 we can get the following conclusions:

(1) The acceleration factor alip has an invariable

relationship with the velocity transition trend, which

does not depend on the step length. Indeed,alip ¼ 1,

alip [ 1, and alip\1 always indicate maintaining

speed, deceleration, and acceleration, respectively,

no matter what the step length is; (2) The step length

has an influence on the velocity transition range, that

is, bigger step leads to a wider velocity range for the

next step; (3) The velocity transition curves for alip ¼
a and alip ¼ 1=a are symmetric (strictly symmetric

which can be proved theoretically from (24)) about the

equal-velocity line.

Fig. 10 The feasible range of alip for different step lengths

Fig. 11 Velocity transition curve for LIP walking

Table 1 Acceleration factors in bipedal walking

IP walking LIP walking

Definition aip ¼ Vz
t =V

x
t alip ¼ dsw=dst

Feature aip ¼ 0: Equal-velocity

aip [ 0: Acceleration

aip\0: Deceleration

alip ¼ 1: Equal-velocity

alip\1: Acceleration

alip [ 1: Deceleration
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4 Walking controller design

With the open-loop analysis results obtained in the

previous sections (summarized in Table 1), we are

ready to design walking controllers for both IP and LIP

walking.

To control the walking speed, we can simply use a

bang-bang control law. For example, IP walking can

use

aip ¼ a0sign Vr � Vkð Þ ð25Þ

where a0 [ 0, and Vk;Vr are the measured and desired

mid-stance velocity, respectively. However, in this

way the walking speed will finally oscillate around the

desired speed. As an improvement, we replace the sign

function with a smooth saturation function:

aip ¼ a1 tanh k1ðVr � VkÞ½ � ð26Þ

where a1; k1 [ 0 are parameters to be designed.

The interpretation of (26) is: when Vk\Vr, we have

aip [ 0 so the robot will accelerate; and when

Vk [Vr , we have aip\0 so the robot will decelerate.

Therefore, the mid-stance velocity will approach the

desired velocity Vr gradually.

And for LIP walking, the controller is designed as

alip ¼ 1þ a2 tanh k2ðVk � VrÞ½ � ð27Þ

where k2 [ 0 and 0\a2\1 are parameters to be

designed.

The interpretation of (27) is: when Vk\Vr, we have

alip\1 so the robot will accelerate; and when Vk [Vr,

we have alip [ 1 so the robot will decelerate. There-

fore, the mid-stance velocity goes towards the desired

velocity Vr gradually.

To design full controllers, we consider a more

practical walking model built in V-REP as shown in

Fig. 12. The model has a cuboid body, two telescopic

legs ended with small spherical feet. This model has

four actuators in all, including two revolute joints

connecting the body with each leg and two prismatic

joints connecting each leg with the foot. The walker is

constrained in 2D by two frictionless walls.

The overall control architecture for IP and LIP

walking are given in Figs. 13 and 14, respectively. On

the top level, a state machine is applied to manage the

switch between the stance leg and the swing leg.

The low-level controllers include:

Hip controller (for the revolute joint on the hip)

(1a) Body attitude controller

The body is kept vertical by controlling the hip

actuator of the stance leg with the torque:

Fig. 12 Simulation model in V-REP

Fig. 13 IP walking control architecture

Fig. 14 LIP walking control architecture
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sst ¼ �ssw � kbphb � kbd
_hb ð28Þ

where hb is the pitch angle of the body and ssw is the

torque from the hip joint of the swing leg. kbp; k
b
d [ 0

are the proportional and derivative gains, respectively.

(1b) Swing leg controller

The swing leg is controlled by the hip actuator of

the swing leg with the torque:

ssw ¼ �kspðhsw � hrÞ � ksd
_hsw ð29Þ

where hsw is the swing leg angle and hr is the desired
angle. ksp; k

s
d [ 0 are the proportional and derivative

gains, respectively.

Specifically, hr for IP walking is designed as

hr ¼
� hst; if hst � 0

�kshst; if hst [ 0

(

ð30Þ

where hst is the stance leg angle and ks [ 1 is a

parameter. hr for LIP walking is designed as

hr ¼
kthst; if hst � 0

�atan alip tan hst
� �

; if hst [ 0

(

ð31Þ

where hst is the stance leg angle and kt is the ratio of

hst=hsw during the previous leg transition.

(1c) Leg retraction controller

A leg retraction controller is used for IP walking to let

the swing leg rotate backward just before touching

ground, which can enhance the walking stability [18].

We control the hip actuator of the swing leg with the

torque

ssw ¼ �krpð _hsw � xrÞ ð32Þ

where xr is the desired backward-swing speed, k
r
p [ 0

is the proportional gain. In this paper xr ¼ 4 rad/s is

adopted.

Leg controller (for the prismatic joint on the leg)

(2a) Leg length controller

The swing/stance leg length is controlled using

velocity control mode for the prismatic joint

vl ¼ �klpðl� lrÞ ð33Þ

where klp [ 0 is the proportional gain, l, lr are the

measured and desired leg lengths, respectively. In this

paper, lr ¼ 1 m is used for the stance leg in IP walking

and lr ¼ 0:98 m is used for the swing leg to make

ground clearance.

(2b) Body velocity controller

Comment 2: ‘‘Body’’ refers to the link that connects

both legs, and the body of our simulation model is the

pink cube shown in Fig. 12. As the cube has most of

the robot’s mass, it’s considered as the center of mass

to design the controller. Accordingly, ‘‘body velocity’’

refers to the cube velocity relative to the world frame,

which is an approximation of the ‘‘CoM velocity’’ of

the point-mass model as mentioned in the previous

sections.

In IP walking, the body velocity during leg

transition is controlled by setting the force on the

prismatic joint of the stance leg as:

Fst ¼ mbg� kvp Vz
b � aipV

x
b

� �

h i

= cos hst ð34Þ

where kvp [ 0 is the proportional gain, mb is the body

mass, Vz
b and Vx

b are the body velocity in the vertical

and horizontal axes, respectively.

(2c) Body height controller

In LIP walking, the body height is maintained

constant by controlling the prismatic joint of the stance

leg with the force:

Fst ¼ mbg� khp zb � hrð Þ � khd _zb

h i

= cos hst ð35Þ

where khp; k
h
d [ 0 are the proportional and derivative

gains, respectively. zb, hr are the measured and desired

body heights, respectively. In this paper hr ¼ 1 m is

adopted.

Leg transition trigger

The leg transition trigger is used to control the step

length by checking if de � dr, where de, dr are the

estimated and desired step lengths, respectively.

In IP walking, the estimated step length is

de ¼ 2L sin hst ð36Þ

where L is the constant leg length (1 m in this paper).

In LIP walking, the estimated step length is

de ¼ ð1þ alipÞh tan hst ð37Þ
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where h is the constant body height (1 m in this paper).

With the above controllers, walking velocity and

step length can be controlled separately for both IP and

LIP walking. Here we call it as the separation

principle.

5 Simulation results

To test the effectiveness of the proposed walking

controller, simulations are performed in V-REP [16]

with the model shown in Fig. 12. Newton physics

engine is adopted and the time step is 0.01 s. The mass

of the body, the leg, and the foot are 10, 0.6, and

0.2 kg, respectively. The moment of inertia for each

part is computed automatically by V-REP. The

maximum torque for the revolute joint is 100 Nm

and the maximum force for the prismatic joint is 300

N.We offer three video attachments for the simulation

which are highly recommended to watch. The con-

troller parameters are listed in Table 2.

Comment 3: A fine tuning of the parameters can

possibly lead to faster walking speed. However,

walking too fast is not easy even for human—we tend

to transit to running when we need to go faster.

5.1 Walking with fixed step length

Firstly, we simulate walking with a fixed step length

dr ¼ 0:6 m to find out how fast our controller can

achieve for the two walking gaits.

For IP walking, a mid-stance velocity of 2 m/s is

achieved when setting Vr ¼ 2m/s. While for LIP

walking, a mid-stance velocity of 6 m/s is achieved

when setting Vr ¼ 6:2m/s. The results are shown in

Figs. 15 and 16, which show the walking velocity with

respect to the body horizontal position.

Moreover, to analyze the control accuracy of the

acceleration factor, we take IP walking as an example

and show the actual and desired values of the

Table 2 Controller parameters

IP walking LIP walking

Hip controller (1a) kbp ¼ 500, kbd ¼ 10 (1a) kbp ¼ 500, kbd ¼ 10

(1b) ksp ¼ 300, ksd ¼ 10,ks ¼ 1:4 (1b) ksp ¼ 300,ksd ¼ 10,a2 ¼ 0:25,k2 ¼ 4

(1c) krp ¼ 10

Leg controller (2a) klp ¼ 30(swing leg), klp ¼ 5(stance leg) (2a) klp ¼ 30,

(2b) kvp ¼ 500,

a1 ¼ 0:2,k1 ¼ 2

(2c) khp ¼ 1000, khd ¼ 500

Fig. 15 Simulation results of IP walking with fixed step length

Fig. 16 Simulation results of LIP walking with fixed step length

Fig. 17 The acceleration factor value during IP walking

123

L. Ye et al.



acceleration factor in Fig. 17 (same simulation setting

as in Fig. 15).

From Fig. 17, It can be seen that the general trends

of the two curves are highly consistent. However, the

acceleration factor is not accurately controlled (and

not needed), which can be explained as follows.

Firstly, the intermittent property of acceleration factor

prevents it to be exactly controlled. In our definition,

acceleration factor is a variable related to velocity

transition between steps, which is defined in the step

switch instant (foot touch down). Therefore, the

precise value of the acceleration factor cannot be

known until the step switch happens, which means a

lack of feedback information to control it directly.

Indeed, the acceleration factor is controlled indirectly

(through the swing angle, step timing, etc.), which

causes a control error inevitably (the control error

cannot be obtained before step switch, and when step

switch happens (instantaneously), there is no more

chance to adjust). Second, the acceleration factor does

not need to be exactly controlled, since the acceler-

ation factor is not our final control goal, but the

walking velocity is. So, it is ok if the acceleration

factor deviates from the desired value but can lead to

the same velocity transition trend. As can be seen from

Fig. 17, the actual AF mostly locates on the same side

of the zero line (which is the dividing line of

acceleration/deceleration for IP walking) with the

desired AF (despites some points very close to zero).

This explains why the AF is not exactly controlled, but

the desired walking velocity can still be achieved.

5.2 Walking with varied step length

Then we simulate walking with varied step length by

letting the robot walk on a row of randomly distributed

blocks (each block has a width of 0.12 m).

The distance between two adjacent blocks ranges

from 0.2 to 0.8 m. During simulation, the step length

planner obtains the distance between the next block

and its stance foot in real time and set it as the desired

step length. The desired velocity is set to Vr ¼ 1:5 m/s

for IP walking and Vr ¼ 3 m/s for LIP walking. The

simulation results are shown in Figs. 18 and 19.

It can be seen from the video that the robot

successfully steps on all the blocks in both situations.

Particularly, for IP walking, the robot achieves 1.5 m/s

mid-stance velocity after walking for a distance of

4 m. While for LIP walking, the robot keeps acceler-

ating and reaches a mid-stance velocity a little smaller

than 3 m/s. Moreover, it can be observed from both

figures that the robot accelerates more when taking a

longer step before reaching the desired velocity, which

is consistent with the conclusion obtained from the

open-loop analysis. Finally, the control objective for

both walking velocity and step length are achieved,

which verifies the effectiveness of the proposed

separation control strategy.

Fig. 18 Simulation results of IP walking with varied step length
Fig. 19 Simulation results of LIP walking with varied step

length

Push forward Push backward

Fig. 20 Simulation results of IP walking with disturbance
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5.3 Robustness test

To test the robustness of the proposed controller, two

scenarios are considered here.

The first is external disturbance. The robot is

commanded to walk at 2 m/s and an impulsive

external force is added to the robot intermittently

during simulation. The force is 1000 N (forward or

backward) added to the body center and lasts for

0.01 s, which results in an abrupt velocity change of

about 1 m/s to the robot. The simulation results of IP

and LIP walking are shown in Figs. 20 and 21,

respectively.

For IP walking, it can be seen from Fig. 20 that the

robot can recover to the target velocity if the perturbed

velocity is not too high. But when the perturbed

velocity goes to about 3 m/s, then the stance leg leaves

the ground and the robot falls (see the attached video).

While for LIP walking, the robot is more robust to

external disturbance. As can be seen from Fig. 21,

even when the perturbed velocity goes beyond 3 m/s,

the robot can still recover to the target velocity.

However, this does not necessarily mean that IP

walking is less robust than LIP walking. Actually,

people can take other measures to avoid falling during

IP walking, for example, transit to running when the

velocity is high. We may also use a switch control

strategy to enhance the robustness of the IP walking

controller.

The second consideration is model uncertainty. In

the previous simulation, the leg mass of the robot is

much smaller compared to the bodymass (body 10 kg,

leg with foot 0.8 kg). However, for a real humanoid

robot, the leg might be very heavy. To test if the

controller still works in this case, we increase the leg

mass to half of the body mass (body 10 kg, each leg

with foot 5 kg). The simulation results for IP and LIP

walking are shown in Figs. 22 and 23, respectively. It

can be observed that the robot can still achieve the

commanded velocity (2 m/s), although may need to

take more steps as can be found by comparing Figs. 15

and Fig. 22. This indicates that the proposed controller

has some adaptability to biped robots with heavy legs,

although the controller is derived from idealized

model with massless legs.

5.4 Full biped simulation

To further test the effectiveness of the controller, we

build a full biped simulation model as shown in

Fig. 24.

Push forward Push backward

Fig. 21 Simulation results of LIP walking with disturbance
Fig. 22 Simulation results of IP walking with heavy legs

Fig. 23 Simulation results of LIP walking with heavy legs

Fig. 24 A full biped model used for simulation
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This model has similar parameters to a real biped

robot that is undergoing in our lab. By using the

acceleration factor method, we successfully achieve

fast and stable walking for the full biped model (see

Figs. 25 and 26, and the attached video). Specifically,

1.8 m/s is achieved for IP walking and 3 m/s is

achieved for LIP walking in the simulation, which

further verifies the effectiveness of the acceleration

factor method.

6 Limitations and future work

This analysis in this paper is based on an idealized

model with a point mass on the hip and legs without

mass. In the real world, due to the complexity of

mechanical structure, the robot’s CoM is difficult to

calculate and the dynamics are coupled with the

movement of the legs so it’s hard to place the foot

accurately. The errors caused by these problems can

be reduced by designing specific compensation or

feedforward controllers. It is also hard to model a

motor precisely and the control errors become signif-

icant when walking quickly. Recently researchers

have tried using deep learning to build accurate motor

models and achieved good results.

We are now building a real biped robot whose leg

has a significant mass (1/3 of the body mass for single

leg), making it quite different from the point-mass

model. Heavy limbs bring a challenge for our

controller design as the relationship between the

acceleration factor and velocity transition may change

and the conclusions obtained from the point-mass

model has less fidelity. We are going to validate our

theory about the acceleration factor on the real robot

and solve this problem in future research.

7 Conclusion

Biped walking research usually focus on robustness,

stability, and efficiency, while how to walk fast seems

to be rarely studied. This paper attempts to answer this

question. We study two kinds of biped walking gaits,

namely IP walking and LIP walking, and propose a

new strategy to control the walking velocity by using

acceleration factor. We demonstrate that LIP walking

can be faster than IP walking from both theoretical

analysis and physical simulations. Particularly, we

achieve a mid-stance velocity of 6 m/s for LIP

walking in simulation. Besides, the proposed strategy

removes the coupling on the control of walking

velocity and step length, making it possible to adjust

step length while regulating speed. This is particularly

useful when doing fast walking on terrains with

random gaps, which is even a challenging task for

human. Although this paper uses simplified models,

the results may facilitate controller design for more

sophisticated real biped robots.
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